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p-bounded subsets and we generalize the classical Glisckberg Theorem on pseudocompactness in
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1. Introduction
In this article we will assume that all spaces are Tychonoff spaces unless otherwise
stated. If X is a space and A⊂X, then clX(A) (or simply cl(A)) denotes the closure of A
in X. For x ∈X, let N (x) denote the set of all neighborhoods of x . For a set X, P(X) is
the collection of subsets of X, and |X| denotes the cardinality of X. The Greek letters will
stand for infinite ordinal numbers. For an ordinal number κ , [0, κ) will indicate the space
of ordinal numbers λ < κ endowed with the order topology. The cardinal number 2ω will
also be denoted by c. If α is a cardinal number, then cf(α) is the cofinality of α; besides,
[X]<α (respectively, [X]6α , [X]α) will stand for the family of subsets of X of cardinality
< α (respectively,6 α, = α); and αX is the set of functions from α to X. The set of natural
numbers will be denoted by ω. The Stone– ˘Cech compactification of a space X will be
denoted as β(X). The space β(ω) is identified with the set of ultrafilters on ω, and ω∗ is
the set of free ultrafilters, that is ω∗ = β(ω)\ω. If f :X→ Y is a continuous function, then
f β :β(X)→ β(Y ) denotes the Stone– ˘Cech extension of f . The Rudin–Keisler (pre-)order
on β(ω) is defined by p 6RK q if there is a function f :ω→ ω such that f β(q)= p, for
p,q ∈ β(ω). Observe that n 6RK p for every n < ω and p ∈ β(ω), and if p 6RK q , then
there exists a surjection f :ω→ ω such that f β(q)= p. For p ∈ ω∗, we set
PRK(p)=
{
r ∈ β(ω): r 6RK p
}
.
If p 6RK q and q 6RK p, for p,q ∈ ω∗, then we say that p and q are equivalent and
we write p ≈RK q . It is not difficult to verify that p ≈RK q iff there exists a permutation
σ :ω→ ω such that σβ(p)= q . The type of p ∈ ω∗ is T (p)= {q ∈ ω∗: p ≈RK q}.
The concept of p-limit, for p ∈ ω∗, was discovered and investigated by Bernstein [1]
in connection with some problems in the theory of nonstandard analysis. Independently,
Frólik [10] and Kate˘tov [20,21] introduced this concept in a different form, and Ginsburg
and Saks [17] generalized this notion as follows:
Definition 1.1. Let p ∈ ω∗ and (Sn)n<ω be a sequence of nonempty subsets of a space X.
A point x ∈ X is a p-limit point of the sequence (Sn)n<ω if for every V ∈ N (x),
{n < ω: V ∩ Sn 6= ∅} ∈ p.
If xn ∈X and Sn = {xn} for each n < ω, then a p-limit point of (xn)n<ω is Bernstein’s
p-limit point of the sequence (xn)n<ω . Note that if there exists a p-limit point of a
sequence (xn)n<ω , this has to be unique, since X is Hausdorff; but, in general, a sequence
(Sn)n<ω of nonempty subsets of a spaceX could have more than one point. For instance, if
Sn = {1/n} ×R for each n < ω, then each point (0, r) ∈R2 is a p-limit point of (Sn)n<ω ,
for each p ∈ ω∗.
Definition 1.2 (Bernstein, [1]).
(1) Let p ∈ ω∗. A space X is p-compact if every sequence (xn)n<ω has a p-limit.
(2) A space X is ultracompact if X is p-compact for every p ∈ ω∗.
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Every compact space is ultracompact, and Vaughan proved [27, Theorem 4.9], that in
the class of regular spaces, X is ultracompact iff X is ω-bounded (= the closure of each
countable subset of X is compact). Ginsburg and Saks introduced in [17] the concept
of p-pseudocompactness and later García-Ferreira defined the relative version of this
concept [11]:
Definition 1.3.
(1) Let p ∈ ω∗. A subspace Y of a space X is said to be p-bounded in X if for every
sequence (Vn)n<ω of nonempty open subsets of X with Y ∩ Vn 6= ∅, for all n < ω,
there is x ∈X which is a p-limit point of the sequence (Vn)n<ω .
(2) If X is p-bounded in itself, then X is called p-pseudocompact.
These properties are productive and preserved by continuous functions (see [11,17]).
Besides, if Y is a regular closed subset of a p-pseudocompact space X, then Y itself is
p-pseudocompact; and if Y is p-bounded in X, then clX Y is p-bounded in X too. The
property of being p-bounded is monotone with respect to the Rudin–Keisler pre-order,
that is, if q 6RK p and Y is p-bounded in X, then Y is q-bounded in X. It is well known
that a space X is pseudocompact if for every sequence (Un)n<ω of open subsets of X there
is a point x ∈X such that for every V ∈N (x),∣∣{n < ω: V ∩Un 6= ∅}∣∣> ℵ0.
So, if X is p-pseudocompact for some p ∈ ω∗, then X is pseudocompact.
The next concept and some of its properties were analyzed in [14]. Let α and γ be
cardinal numbers. A subset B of X is said to be Cα-compact in X if f [B] is a compact
subset of Rα for every continuous function f :X→Rα . If α < γ , then every Cγ -compact
subset of X is Cα-compact; and if X is Cα-compact in itself, then we say that X is
α-pseudocompact. A set Y ⊂ X is a Gδ-set in X if there is a sequence (Un)n<ω of
nonempty open sets inX such that Y =⋂n<ω Un. A subset Y ofX isGδ-dense inX if each
nonemptyGδ-set inX has a nonempty intersection with Y . A spaceX is pseudocompact iff
X is ℵ0-pseudocompact; and B is Cα-compact (in X) iff B is Gα-dense in clβ(X)(B). For
each α < γ there exists a spaceX which is α-pseudocompact and is not γ -pseudocompact.
In fact, the space of ordinal numbers [0, α+) with its order topology is α-pseudocompact
but is not γ -pseudocompact.
Recall that a space X is sequentially compact if every sequence in X has a convergent
subsequence. A space X is totally countably compact if every sequence in X has a
subsequence contained in a compact subset of X. Every sequentially compact space is
totally countably compact, and if a space X has this latter property, then X is countably
compact. Recall also that, for a topological property P , a space X is σ -P if X is the union
of a countable family of subspaces having P .
If X and Y are two spaces, we will denote by C(X,Y ) the set of continuous functions
defined on X and with values in Y . If Y = R, then we will write C(X) instead of
C(X,R). The set of real bounded continuous functions defined on X is denoted by C∗(X).
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A subspace Y of a spaceX isC∗-embedded inX if for every f ∈C∗(Y ) there is g ∈ C∗(X)
such that g|Y = f ; and it is a zero-set (respectively, cozero-set) if there is f ∈ C(X) such
that Y = f−1{0} (respectively, f−1(R \ {0})).
In this article we give some basic properties of p-bounded subsets (p ∈ ω∗) in terms of
z-ultrafilters and families of continuous functions (Section 2). In Section 3, we analyze the
relations between p-pseudocompactness with other pseudocompact-like properties such
as p-compactness and α-pseudocompactness where α is a cardinal number, we give an
example of a sequentially compact ultrapseudocompact α-pseudocompact space which is
not ultracompact, and an example of an ultrapseudocompact totally countably compact
α-pseudocompact space which is not q-compact for any q ∈ ω∗, answering affirmatively
a question posed by S. García-Ferreira and Koc˘inac in [12], and we discuss the relation
between p-pseudocompactness and p-compactness in normal and first countable spaces.
Section 4 is dedicated to the product of two p-bounded subsets; we show the distribution
law clγ (X×Y )(A× B) = clγX A× clγ Y B , where γZ denotes the Dieudonné completion
of Z, for p-bounded subsets, and we generalize the classical Glisckberg Theorem on
pseudocompactness in the realm of p-boundedness. These results are applied to study the
degree of pseudocompactness in the product of p-bounded subsets.
2. p-boundedness
In this section we are going to give some alternative descriptions of p-boundedness in
terms of z-ultrafilters and families of continuous functions.
Definition 2.1. Let X be a space, Y ⊂X and let p ∈ ω∗.
(1) A family A = {Aj : j ∈ J } of subsets of a space X is p-generated relative to Y
if there exists a collection {Un: n < ω} of nonempty open subsets of X such that
Y ∩Un 6= ∅ for each n < ω, and for each j ∈ J , the set {n ∈ ω: Un ⊂ Aj } belongs
to p (that is, for each j ∈ J , there is Fj ∈ p satisfying: Aj ⊃⋃n∈Fj Un). We simply
say that A is p-generated when A is p-generated relative to X.
(2) A collection U of subsets of X with the finite intersection property is p-real relative
to Y if each collection {Aj : j ∈ J } ⊂ U which is p-generated relative to Y , has
nonempty intersection. If Y =X we simply say that U is p-real.
(3) A collection A= {An: n < ω} of subsets of X is locally p-finite if for each x ∈X
there is a neighborhood V of x such that {n < ω: V ∩An 6= ∅} /∈ p, that is, A does
not admit p-limit points.
Observe that each p-generated family relative to Y ⊂ X has the finite intersection
property, and a locally p-finite sequence of nonempty open sets of a space X cannot be
a finite set because p is an ultrafilter.
Theorem 2.2. Let X be a space, Y ⊂ X and p ∈ ω∗. Then, the following assertions are
equivalent.
(1) X is p-pseudocompact (respectively, Y is p-bounded in X).
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(2) For every sequence of nonempty open sets {Un: n < ω} in X (respectively, such that
Y ∩Un 6= ∅ for each n < ω) we have⋂
F∈p
clX
(⋃
n∈F
Un
)
6= ∅.
(3) Each p-generated family {Aj : j ∈ J } in X (respectively, relative to Y ) satisfies that⋂
j∈J cl(Aj ) 6= ∅.
(4) Every z-ultrafilter on X is p-real (respectively, relative to Y ).
(5) If {Un: n < ω} is a locally p-finite family of open sets in X (respectively, such that
Y ∩Un 6= ∅), then |{n < ω: Un 6= ∅}|< ℵ0.
Proof. We give the proof for the relative case.
(1)⇒ (2) Let x ∈X be a p-limit of (Un)n<ω with Y ∩Un for every n < ω, and let F ∈ p.
If V is a neighborhood of x then GV = {n < ω: V ∩Un 6= ∅} ∈ p. Let m ∈ F ∩GV . We
have that Um ∩ V 6= ∅; so, x ∈ clX(⋃n∈F Un).
(2)⇒ (3) Let (Un)n<ω be a family of nonempty open sets that p-generates {Aj : j ∈ J }
relative to Y . Thus, for each j ∈ J , there existsFj ∈ p such that⋃n∈Fj Un ⊂Aj . Therefore⋂
j∈J
clX(Aj)⊃
⋂
j∈J
clX
( ⋃
n∈Fj
Un
)
⊃
⋂
F∈p
clX
(⋃
n∈F
Un
)
6= ∅.
(3)⇒ (4) This implication is trivial.
(4)⇒ (5) Assume that U = (Un)n<ω is a locally p-finite family of nonempty open sets
in X such that Y ∩ Un 6= ∅. For each x ∈ X let Vx ∈ N (x) be a cozero neighborhood of
x such that {n < ω: Vx ∩ Un 6= ∅} /∈ p. We have then that V = {Vx : x ∈ X} is a cover
of X. It happens now that W = {X \ Vx : x ∈ X} is a family of zero sets p-generated by
(Un)n<ω relative to Y , so it has the finite intersection property. Let Z be a z-ultrafilter on
X containingW . By hypothesis, Z is p-real relative to Y , hence there is x0 ∈⋂W ; but
this means that V does not cover X, which is a contradiction.
(5)⇒ (1) It is easy to prove this implication. 2
Definition 2.3. Let X be a space, Y ⊂X and p ∈ ω∗.
(1) A collection {fn: n < ω} of real-valued functions defined on X is locally p-zero
relative to Y if for each y ∈ Y we can find a neighborhoodVy ∈N (y)which satisfies{
n < ω: Vy ⊂ f−1n ({0})
}∈ p.
(2) A collection {fn: n < ω} of real-valued functions defined on X is locally
p-bounded relative to Y if there exists r > 0 such that, for each y ∈ Y we can find a
neighborhood Vy ∈N (y) which satisfies{
n < ω: Vy ⊂ f−1n ([−r, r])
}∈ p.
(3) A collection {fn: n < ω} of real-valued functions defined on X is strongly locally
p-bounded (or p-equicontinuous) relative to Y if for each r > 0 and each y ∈ Y
there exists V(y,r) ∈N (y) such that{
n < ω: V(y,r) ⊂ f−1n ([−r, r])
} ∈ p.
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(4) A collection of functions {fn: n < ω} is p-bounded relative to Y if there exists
F ∈ p such that {fn(y): n ∈ F,y ∈ Y } is bounded in R.
We will say that {fn: n < ω} is locally p-zero (respectively, locally p-bounded, strongly
locally p-bounded, p-bounded) if the subset Y coincides to the whole space X.
Theorem 2.4. Let X be a space, Y ⊂X and p ∈ ω∗. Then, the following are equivalent:
(1) X is p-pseudocompact (respectively, Y is p-bounded in X).
(2) Each locally p-zero collection {fn ∈ C(X): n < ω} is p-bounded (respectively,
relative to Y ).
(3) Each strongly locally p-bounded collection {fn ∈ C(X): n < ω} is p-bounded
(respectively, relative to Y ).
(4) Each locally p-bounded collection {fn ∈C(X): n < ω} is p-bounded (respectively,
relative to Y ).
Proof. Observe that every locally p-zero family F = {fn: n < ω} is strongly locally
p-bounded, and this implies that F is locally p-bounded. Then we have that the
implications (4) ⇒ (3) ⇒ (2) are obvious. We are going to prove (2) ⇒ (1) ⇒ (4). We
give the proof for the relative case.
(2)⇒ (1) Assume that Y is not p-bounded in X. Then there is a sequence (Un)n<ω of
nonempty open sets in X such that Y ∩ Un 6= ∅ for each n < ω, which is locally p-finite.
For each n < ω, we take yn ∈ Y ∩Un and a continuous function fn :X→[0, n] defined by
fn(yn)= n and fn(y)= 0 if y /∈ Un.
Claim. The collection F = {fn: n < ω} is locally p-zero.
Indeed, since (Un)n<ω is locally p-finite, for each x ∈ X there exists Vx ∈N (x) such
that {n < ω: Vx ∩Un 6= ∅} /∈ p. Thus F = {n < ω: Vx ∩ Un = ∅} ∈ p. So, {n < ω: Vx ⊂
f−1n (0)} ⊃ F ∈ p.
Now, for each F ∈ p and each n < ω there is nF ∈ F with nF > n. By definition,
fnF (ynF )= nF > n. Hence, {fn(x): n ∈ F, x ∈ Y } is not bounded. This means that F is
not p-bounded relative to Y .
(1)⇒ (4) Assume that Y is p-bounded in X and let F = {fn ∈ C(X): n < ω} be
a locally p-bounded collection. So there exists r > 0 such that for each x ∈ X we
can find Vx ∈ N (x) satisfying {n < ω: Vx ⊂ f−1n ([−r, r])} ∈ p. For each n < ω, let
Un = f−1n (R \ [−r, r]) and for each F ∈ p consider the set AF =
⋃
n∈F Un. Suppose
that Y ∩ AF 6= ∅ for every F ∈ p. Observe that A is p-generated relative to Y . Since
Y is p-bounded in X, then
⋂
F∈p clX(AF ) 6= ∅ (Theorem 2.2). Let x0 ∈
⋂
F∈p clX(AF ).
Thus, for each F ∈ p and each V ∈ N (x0) there exists n(F,V ) ∈ F and x(F,V ) ∈ V
such that |fn(F,V )(x(F,V ))|> r . We define the set GV = {n(F,V ): F ∈ p} ⊂ ω for each
V ∈N (x0). If GV /∈ p, then HV = ω \GV ∈ p; so, because of the definition of GV and
n(HV ,V ), it happens that n(HV ,V ) ∈HV ∩GV , which is not possible. ThereforeGV ∈ p
for every V ∈N (x0). We also define the set
TV =
{
n < ω: |fn(V )|6 r
}
for V ∈N (x0).
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Claim. For each V ∈N (x0), TV ∩GV = ∅.
In fact, if n ∈ GV then n = n(F,V ) for some F ∈ p. But |fn(x(F,V ))| > r with
x(F,V ) ∈ V , so n /∈ TV .
Since GV ∈ p, TV /∈ p; though this contradicts our hypothesis about F in the point x0.
This contradiction was obtained by assuming that Y ∩ AF 6= ∅ for every F ∈ p; so there
must be E ∈ p such that Y ∩AE = ∅. That is, for each n ∈ E, Y ∩ Un = ∅. This implies
that for every y ∈ Y and every n ∈E, |fn(y)|6 r . ThereforeF is p-bounded with respect
to Y . 2
3. p-pseudocompactness and p-compactness
In this section we are going to realize how different p-pseudocompactness and p-com-
pactness can be, even in classes of spaces with strong properties as that of sequentially
compact α-pseudocompact spaces with arbitrary α. We construct our examples of α-
pseudocompact spaces satisfying an additional propertyP that is hereditary with respect to
subspaces satisfying propertyQ. The basic construction consists of: First we take a spaceX
that satisfies P , then convenient compact spaces bX andK , where bX is a compactification
of X and K ⊂ bX. Finally we choose a cardinal number κ such that:
(i) cf(κ) >max{ω,α},
(ii) (K × [0, κ))∪ (X× {κ}) is C∗-embedded in (K × [0, κ))∪ (bX× {κ}), and
(iii) (X× {κ}) satisfies Q in (K × [0, κ))∪ (X× {κ}).
Definition 3.1. We will say that a spaceX is ultrapseudocompact ifX is p-pseudocompact
for every p ∈ ω∗.
Given an infinite cardinal number α and p ∈ ω∗, there exist spaces which are p-
pseudocompact and α-pseudocompact. In fact, the space of ordinal numbers [0, α+) is
ultrapseudocompact and α-pseudocompact; and, of course, every compact space X is
ultrapseudocompact and α-pseudocompact for every cardinal number α. On the other hand,
there are α-pseudocompact spaces which are not p-pseudocompact for any p ∈ ω∗.
Example 3.2. Let α be a cardinal number. There exists a space Y which is α-
pseudocompact and is not p-pseudocompact for any p ∈ ω∗.
Proof. In fact, in [15] it was shown that if X is a pseudocompact subspace of β(ω) with
ω⊂X, and κ is a cardinal number with cf(κ) > 2c, thenX is homeomorphic to the regular
closed subspace X × {κ} of the space Y = Y (X,κ) = (ω∗ × [0, κ)) ∪ (X × {κ}), where
Y has the topology inherited by that of the product in β(ω) × [0, κ]. The space Y is
C∗-embedded in (ω∗ × [0, κ))∪ (β(ω)× {κ})⊂ β(ω)× [0, κ], so β(Y )= (ω∗ × [0, κ))∪
(β(ω)× {κ}). Moreover, Y is α-pseudocompact if cf(κ) > α, because, in this case, Y is
Gα-dense in β(Y ) (see Theorem 1.2 in [14]). It is shown by Comfort [3] and Frolík [9] that
all powers of Σ(p)= ω ∪ T (p) are pseudocompact for every p ∈ ω∗, and García-Ferreira
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proved in [11] that if p ∈ ω∗ is not RK-minimal, then Σ(p) is not q-pseudocompact for
every q ∈ ω∗. Therefore, the space Y (Σ(p), κ), where p ∈ ω∗ is not RK-minimal and
cf(κ) > max{2c, α}, is α-pseudocompact and is not p-pseudocompact for any p ∈ ω∗
because this property is inherited by regular closed subsets. 2
It is clear that every p-compact space is p-pseudocompact for p ∈ ω∗, but these two
properties are not equivalent. Indeed, the space Y = (A(ω) × [0, κ]) \ {(x0, κ)} where
A(ω)= ω∪{x0} is the one-point compactification of the natural numbers, and cf(κ) > ω, is
an ultrapseudocompact locally compact and α-pseudocompact space for every α < cf(κ),
and it is not p-compact for any p ∈ ω∗, because it is not countably compact. Even more, we
can give an example of a totally countably compact space with these properties, answering
Question 6.5 in [12] affirmatively:
Example 3.3. Let α be a cardinal number. There exists a space Y which is an ultra-
pseudocompact, totally countably compact and α-pseudocompact space; besides, Y is not
q-compact for any q ∈ ω∗.
Proof. We obtain this example by modifying Example 2.14 in [27]. For each q ∈ ω∗ let
Kq be the subspace β(ω) \ {q} of β(ω). Every infinite set E in Kq has a cluster point r
in β(ω) with r 6= q . Thus any closed neighborhood of r which does not contain q will be
a compact subset of Kq containing an infinite subset of E. Then Kq is totally countably
compact, but is not q-compact since the only q-limit point in β(ω) of the countable set
ω ⊂Kq is q . Take a cardinal number κ such that cf(κ) >max{ω,α}. For each q ∈ ω∗, let
Zq = β(ω)× {q} be a copy of β(ω). Let x0 be a point not belonging to any Zq , and let
Z =
(⊕
q∈ω∗
Zq
)
∪ {x0}
be the one-point compactification of the free topological sum of the spaces Zq . Let X
be equal to (
⊕
q∈ω∗(Kq × {q})) ∪ {x0} with the topology inherited from Z. Space X is
totally countably compact and is not even q-pseudocompact for any q ∈ ω∗ (see [27]).
Now, consider the subspace Y = (Z×[0, κ))∪ (X×{κ}) of the compact space Z×[0, κ].
The space Y is totally countably compact. Besides, X × {κ} is closed in Y , so Y is not
q-compact for any q ∈ ω∗ because this property is hereditary with respect to closed subsets.
If U is an open set in Y , then U ∩ (Z × [0, κ)) 6= ∅, so if (Un)n<ω is a sequence of
open sets in Y and for each n < ω, (xn, yn) ∈ Un ∩ (Z × [0, κ)), then {yn}n<ω ⊂ [0, λ]
for some λ < κ . Since Z × [0, λ] is a compact space, there is a p-limit point a ∈ Y
of the sequence (xn, yn)n<ω . The point a is a p-limit point of (Un)n<ω . Therefore, Y
is ultrapseudocompact. Finally, Y is α-pseudocompact because, Y is C∗-embedded in
Z× [0, κ], so β(Y )=Z× [0, κ], and Y is Gα-dense in β(Y ) because of cf(κ) > α. 2
Now we are going to discuss the relationship between p-pseudocompactness and
p-compactness in the class of sequentially compact spaces. First some definitions.
A space X is finally α-compact, where α is a cardinal number, if for every open cover
of X there exists a subcover of cardinality less than α.
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Define the quasi-order 6∗ on ωω by f 6∗ g if f (n) 6 g(n) for all but finitely many
n < ω. A subset of ωω is called unbounded if it is unbounded in (ωω,6∗).
Define the quasi-order ⊂∗ on P(ω) by
F ⊂∗ G if F \G is finite.
We say that A is a pseudo-intersection of a family F if A⊂∗ F for each F ∈F . We call
T ⊂ [ω]ω a tower if T is well ordered by ⊃∗ and has no infinite pseudointersection. We
say that a family of countable sets has the strong finite intersection property (sfip) if every
nonempty finite subfamily has an infinite intersection.
Consider the following cardinal numbers introduced by van Douwen in [6]:
b=min{|B|: B is an unbounded subset of ωω};
p=min{|F |: F is a subfamily of [ω]ω with the sfip
which has no infinite pseudointersection
};
t=min{|T |: T is a tower}.
It was proved in [6], Theorem 3.7, that
t=min{T : T ⊂ [ω]ω is well ordered by ⊂∗ and ∀T ∈ T , (ω \ T ) is infinite,
and ∀H ∈ [ω]ω ∃T ∈ T such that (H ∩ T ) is infinite}.
Example 3.4. Let α be a cardinal number. There is a sequentially compact ultrapseudo-
compact α-pseudocompact locally compact and zero-dimensional space Y , which is not
ultracompact.
Proof. Let X = [ω, t)∪ω. There exists
T = {Hλ: ω6 λ < t} ⊂ [ω]6ω
such that
(1) Hω = ∅ and |Hλ| = ℵ0 for every ω < λ< t;
(2) ω6 γ < λ implies Hγ ⊂∗ Hλ;
(3) for every ω < λ< t, |ω \Hλ| = ℵ0; and
(4) for every H ∈ [ω]ω there exists ω6 λ < t such that |H ∩Hλ| = ℵ0.
We topologize X as follows: ω and points of ω are isolated, and a basic neighborhood
of ω < λ< t has the form
N(γ,λ;F)= (γ,λ] ∪ ((Hλ \Hγ ) \F ),
whereω 6 γ < λ and F ∈ [ω]<ω. It was proved by van Douwen [6, Example 7.1], thatX is
a non-compact zero-dimensional separable sequentially compact locally compact normal
space. Even more, he proved that X is an almost compact space (that is |β(X) \X| = 1).
Thus, X is α-pseudocompact for every α < t. Besides, clX ω =X is not compact, so X is
not ω-bounded, that is, X is not ultracompact.
Let A(X) be the one-point compactification of X (in this case A(X) = β(X)), and let
κ be a cardinal number with cofinality bigger than max(ω,α, t). The space A(X) is still
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sequentially compact because of Theorem 6.3 in [6]. Consider the product A(X)× [0, κ]
and the subspace Y = (A(X) × [0, κ)) ∪ (X × {κ}). Since X and A(X) × [0, λ] are
sequentially compact for every ordinal number λ (see [6, Theorem 6.9]), then Y is
sequentially compact; and because of the fact that X is closed in Y , this space is not
ultracompact. Using similar arguments as in Example 3.4, it is possible to prove that Y
is ultrapseudocompact and α-pseudocompact; moreover, Y is locally compact and zero-di-
mensional. 2
Example 3.5 [b= c]. Let α be a cardinal number. There is a sequentially compact zero-
dimensional ultrapseudocompact α-pseudocompact space which is not p-compact for any
p ∈ ω∗.
Proof. In [6, Example 13.1], van Douwen constructed, for each p ∈ ω∗ a first countable
countably compact (hence sequentially compact) locally compact zero-dimensional (and
separable) space Xp such that
∏
p∈ω∗ Xp is not countably compact. We have that the
space Xp is not p-compact (it is not even p-pseudocompact). For each p ∈ ω∗, let
Kp = β(Xp) be the Stone– ˘Cech compactification of Xp , and let K =⊕p∈ω∗ Kp be the
free topological sum of the family {Kp: p ∈ ω∗}. Take the one point compactification of
the space K , K̂ = K ∪ {x0}, where x0 is a point not belonging to K . Choose a cardinal
number κ such that cf(κ) > max{ω,α, c}, and consider the product Ŷ = K̂ × [0, κ].
Finally, consider the subspace Y = (K̂ × [0, κ)) ∪ (X × {κ}) of Ŷ , where X is the
subspace (
⊕
p∈ω∗ Xp) ∪ {x0} of K̂ . Because of the same arguments given in the previous
examples, we have that Y is ultrapseudocompact (cf(κ) > ω). It is not p-compact for any
p ∈ ω∗ because there is a sequence in Xp × {κ} without a p-limit in Y . Using similar
reasoning to that in Example 3.3, we conclude that Y is sequentially compact. Besides, Y is
α-pseudocompact because it is C∗-embedded and Gα-dense in Ŷ (here we are using the
facts that cf(κ) >max{α, c} and |Xp| = c for every p ∈ ω∗). 2
One of the common characteristics of all the examples we have already constructed is
that none of them is neither normal nor first countable. Using Corollary 6.6 in [27], we
deduce that every normal finally p-compact space which is p-pseudocompact for at least
a p ∈ ω∗ is ultra-compact; and applying Theorem 6.8 in [27] we conclude that assuming
p>ω1, every perfectly normalp-pseudocompact space is compact. Furthermore, if p ∈ ω∗
and (Un)n<ω is a sequence of open sets in ω∗ \ {p}, then, since p does not have a countable
local base, there is an open set U in ω∗ that contains p and such that Un \ U 6= ∅. If
qn ∈ Un \U , then K = clω∗ {qn: n < ω} is a compact subset in ω∗ \ {p}. Thus, the r-limit
point of (qn)n<ω in K is an r-limit point of (Un)n<ω where r ∈ ω∗. Therefore, ω∗ \ {p} is
an ultrapseudocompact space. On the other hand, if p ∈ ω∗ is not a weakly P -point, then
ω∗ \ {p} is not ultracompact because if p belongs to the closure of {qn: n < ω}, then there
is q ∈ ω∗ such that p is the q-limit of the sequence (qn)n<ω . It is known that if p ∈ ω∗ is an
accumulation point of some countable discrete subset of ω∗, then ω∗ \ {p} is not normal.
Besides, under CH, every ω∗ \{p} is not normal (see, for example, [22]) and it is not known
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yet if it is consistent with ZFC that there exists a non P -point p ∈ ω∗ for which ω∗ \ {p} is
normal. (Also note that in the class of paracompact spaces, p-pseudocompactness implies
compactness, because in this class pseudocompactness and compactness coincide.) These
facts suggest the following questions:
Question 3.6. Is it consistent with ZFC that, for every p ∈ ω∗, each p-pseudocompact
space satisfying P ∈ P must be p-compact, where P = {normality, perfect normality,
collectionwise normality, normality+ countable paracompactness}?
Question 3.7. Is every p-pseudocompact first countable Tychonoff (respectively, normal)
space, a p-compact space?
4. p-boundedness and products
It was proved in [11, Theorem 1.3], that an arbitrary product of p-bounded subsets is
also a p-bounded subset. In this section we improve this result by showing a version of
the classical Glisckberg Theorem on pseudocompactness which characterizes when the
arbitrary product of pseudocompact spaces is pseudocompact by using the distribution
of the functor of the Stone– ˘Cech compactification. As a consequence we obtain that, for
each cardinal α, Cα-compactness is preserving under products of Cα-compact p-bounded
subsets. First, we need several notations. Let f ∈ C(X×Y ). For each x ∈X we will denote
by fx the function from Y into R defined by the requirement fx(y) = f (x, y) whenever
y ∈ Y . For y ∈ Y , the function f y is defined in a similar way. We will denote by γX the
Dieudonné completion or universal completion ofX. For each f ∈C(X), f γ indicates the
continuous extension of f to γX. LetH be a family of real-valued continuous function on
X × Y and let A,B be two subsets of X and Y , respectively. We shall define the families
HB , HA as follows:
HB = {f y : y ∈B, f ∈H}, HA = {fx : x ∈A, f ∈H}.
The symbolsH∗B |A,H∗A|B denote the families:
H∗B |A= {Fy : f y ∈HB}, H∗A|B = {Fx : fx ∈HA},
where Fy , Fx are defined as
Fy = (f y)γ |clγX A, Fx = (fx)γ |clγ Y B
for (x, y) ∈X× Y .
We recall that a family H of real-valued continuous functions on X is said to be
equicontinuous if for each x ∈ X and every ε > 0 there exists a neighborhood V of x
such that |f (y)− f (x)|< ε whenever y ∈ V and f ∈H.H is called pointwise bounded if
{f (x): f ∈H} is bounded in R for every x ∈X. Let
osc(f,V )= sup{∣∣f (x)− f (y)∣∣: x, y ∈ V }.
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Theorem 4.1. If H is an equicontinuous pointwise bounded family of real-valued
functions on X× Y , then for each (x0, y0) ∈X× γ Y and each ε > 0 there exists a regular
closed neighborhood Vy0 of y0 in γ Y such that
osc(Fx0,Vy0) < ε
whenever Fx0 ∈H∗Y |X.
Proof. Let (x0, y0) ∈X× γ Y and let ε > 0. Define
Hx0 = {fx0 : f ∈H}.
It is clear that Hx0 is equicontinuous and pointwise bounded on Y . By [24, Theorem 7],
the family {f γx0: f ∈H} is equicontinuous (and pointwise bounded) in γ Y . Therefore, we
can find a regular closed neighborhood Vy0 of y0 in γ Y such that |f γx0(y)− f γx0(y0)|< 12ε
whenever y ∈ Vy0 . The result now follows from the triangle inequality. 2
Remark 4.2. Notice that, in the previous theorem, we can replace X × γ Y and Fx0 by
γX× Y and Fy0 , respectively.
The following result on extensions will be used in the sequel. In the proof we follow the
patterns given in [19, Lemma 4.4].
Theorem 4.3. Let A, B be two p-bounded subsets of X and Y , respectively. Let H be an
equicontinuous pointwise bounded family of real-valued functions on X × Y . Then H∗A|B
is equicontinuous on clγ Y B .
Proof. Suppose that there exists y0 ∈ clγ Y B such that H∗A|B is not equicontinuous at y0.
We will define by induction a sequence (f n)n<ω ⊂H, a sequence ((an, yn))n<ω of points
in X× Y , and two sequences (V ∗n )n<ω , (Un×Vn)n<ω of regular closed subsets of γ Y and
X× Y respectively, satisfying:
(1) |Fnan(yn)− Fnan(y0)|> ε for each n < ω,
(2) for each n < ω, V ∗n is a neighborhood of y0 (in γ Y ) and osc(F nan,V ∗n ) < 15ε,
(3) for each n < ω, (Un × Vn) is a neighborhood of (an, yn) (in X × Y ) with
osc(f n,Un × Vn) < 15ε,
(4) for each n < ω, intY Vn ⊂ intγ Y V ∗n−1 and intγ Y V ∗n ⊂ intγ Y V ∗n−1.
Since H∗A|B is not equicontinuous at y0, then there exist ε > 0, (x, y) ∈ A × B and
f ∈H such that∣∣Fx(y)− Fx(y0)∣∣> ε.
For n= 1, we define a1 = x, y1 = y and f 1 = f . Since f 1 is continuous on X× Y , we
can find a regular closed neighborhood (in X× Y ), U1 × V1, of (a1, y1) such that
osc(f 1,U1 × V1) < 15ε.
By Theorem 4.1, there exists a regular closed neighborhood (in γ Y ) V ∗1 of y0 such that
osc(Fa1,V
∗
1 ) <
1
5ε
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for each f ∈ H. This completes the step n = 1. For n > 1, since H∗A|B is not
equicontinuous at y0, there exist yn ∈ intγ Y V ∗n−1 ∩B , an ∈A and f n ∈H such that∣∣Fnan(yn)− Fnan(y0)∣∣> ε.
Let Un × Vn be a regular closed neighborhood (in X × Y ) of (an, yn) with intY Vn ⊂
intγ Y V ∗n−1 such that
osc(f n,Un × Vn) < 15ε.
By Theorem 4.1, we can find a neighborhood (in γ Y ) V ∗n of yn with V ∗n ⊂ V ∗n−1 such
that
osc(F nan,V
∗
n ) <
1
5ε.
This completes the induction. Now, since Vn∩B 6= ∅ for each n < ω, the sequence (Vn)n<ω
has a p-limit ŷ ∈ Y . Applying condition (4) it is easy to check that ŷ is also a cluster
point of the sequence (V ∗n )n<ω and, consequently, ŷ ∈ V ∗n for each n < ω. Since each
(f n)(ŷ) is continuous on X, there exists a sequence (Tn)n<ω of regular closed sets in X
such that an ∈ intX Tn ⊂ Un and osc((f n)(ŷ), Tn) < 15ε for each n < ω. Let x̂ be a p-limit
of (Tn)n<ω . Then (̂x, ŷ) is both a p-limit of (Tn × Vn)n<ω and of (Tn × V ∗n )n<ω . Since H
is equicontinuous on X× Y , we can find an open subset U × V with (̂x, ŷ) ∈U × V such
that ∣∣f (x, y)− f (̂x, ŷ)∣∣< 15ε
whenever f ∈H and (x, y) ∈ U × V .
Let H = {n < ω: (U × V ) ∩ (Tn × Vn) 6= ∅}. By condition (4), H is contained in
{n < ω: (U × V ) ∩ (Tn × V ∗n ) 6= ∅}. It follows from condition (3) that∣∣f n(̂x, ŷ)− f n(an, yn)∣∣< 25ε
whenever n ∈H .
On the other hand, since ŷ ∈ V ∗n , for each n < ω, |f n(an, ŷ)− Fnan(y0)|< 15ε for each
n < ω. Moreover, because osc((f n)(ŷ), Tn) < 15ε for each n < ω, if a ∈ Tn then∣∣f n(a, ŷ)− f n(an, ŷ)∣∣< 15ε.
As a consequence, |f n(an, yn)− Fnan(y0)|< ε whenever n ∈H . This contradicts that∣∣Fnan(yn)− Fnan(y0)∣∣> ε
for n= 1,2, . . . . 2
We recall that a subset A of a space X is said to be bounded (in X) if every real-valued
continuous function on X is bounded on A. It is not hard to see that a subset A is bounded
in X if every sequence of open sets (in X) meeting A has a cluster point in X. So, if
p ∈ ω∗, every p-bounded subset is bounded and a topological space is pseudocompact if
and only if it is bounded in itself. However there exist pseudocompact spaces which are
not p-pseudocompact for any p ∈ ω∗ (see Example 3.2 and [17]). We make mention of a
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lemma proved by Pupier in [23, Lemma 3.3]. For each A⊂X, we will denote by Aγ the
uniform space defined as A endowed with the restriction of the finest uniformity on X.
Lemma 4.4. LetA, B be two bounded subsets ofX and Y , respectively. Then the following
assertions are equivalent:
(1) For each equicontinuous and pointwise bounded family H in C(X × Y ), HA (res-
pectively, HB ) is uniformly equicontinuous on Bγ (respectively, on Aγ ).
(2) (A×B)γ =Aγ ×Bγ .
We recall that a compactification of a space X is a compact space K such that X is
dense in K . Two compactifications K1,K2 of X are called equivalent if there exists a
homeomorphism Φ from K1 onto K2 which leaves X pointwise fixed. We will write
K1 = K2 whenever K1 and K2 are two equivalent compactifications of X. If A ⊂ X, it
is well known that clγX A is the completion of Aγ (see, for example, [7, Theorems 8.3.6
and 8.3.12] for details). Let p ∈ ω∗. Since every p-bounded subset A is bounded, clγX A
is a compactification of A. In fact, it is well known that clγX A= clβX A for each bounded
subset A of X. We can apply this fact and the previous results in order to obtain:
Theorem 4.5. If Ai is a p-bounded subset of Xi for i = 1,2, . . . , n, then
clγX
n∏
i=1
Ai =
n∏
i=1
clγXi Ai,
where X =∏ni=1Xi .
Proof. First, we shall study the case n= 2. Applying Theorem 4.3, the subsets A1 and A2
satisfy condition (1) in Lemma 4.4. So, clγ (X1×X2)(A1 × A2) and clγX1 A1 × clγX2 A2
are completions of the uniform space (A1 × A2)γ . So, because the identity mapping
on A1 × A2 is a uniform isomorphism on (A1 × A2)γ , it is extendable to a uniform
isomorphism from clγ (X1×X2)(A1×A2) onto clγX1 A1×clγX2 A2 (Theorem 8.3.11 in [7]).
Now, since p-boundedness is preserving under arbitrary products, the general case
follows from a straightforward induction argument. 2
Corollary 4.6. Let {pi}ni=1 ⊂ ω∗ be such that there exists q ∈ ω∗ with q 6RK pi for each
i = 1,2, . . . , n. If Ai is a pi -bounded subset of Xi for i = 1,2, . . . , n, then the restriction
to
∏n
i=1Ai of each real continuous function on
∏n
i=1Xi admits a continuous extension to∏n
i=1 clγXi Ai .
Corollary 4.7. Let X =∏ni=1Xi and let {pi}ni=1 ⊂ ω∗ be such that there exists q ∈ ω∗
with q 6RK pi for each i = 1,2, . . . , n. If Ai is a pi -bounded subset of Xi for i = 1,2, . . . ,
then
clγX
n∏
i=1
Ai =
n∏
i=1
clγXi Ai.
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As for each bounded subset A of X, clγX A= clβX A, Theorem 4.5 is a version of the
classical Glisckberg Theorem on pseudocompactness in the realm of p-bounded subsets.
Our goal in the sequel is to obtain a version of the Glisckberg Theorem for arbitrary
products. Lemma 4.9 below is a straightforward version of Lemma 2.5 in [15]. We first
need the following result; its proof is a routine adaptation of the proof of Lemma 2.1 in [8]
and it is left to the reader.
Lemma 4.8. Let X,Y be two topological spaces and let A,B be two infinite subsets of X
and Y , respectively. If A× B is not bounded in X × Y , then there exists a locally finite
family {Un × Vn}n<ω of nonempty canonical open sets of X× Y meeting A×B such that
the families {Un}, {Vn} are pairwise disjoint.
Lemma 4.9. Let X,Y be two topological spaces and let A,B be two infinite subsets of
X and Y , respectively. If clβ(X×Y )(A× B)= clβX A× clβY B , then A× B is bounded in
X× Y .
Proof. Suppose that A× B is not bounded in X × Y . According to Lemma 4.8 we can
find a locally finite family {Un × Vn}n<ω of open canonical sets (in X × Y ) meeting
A× B such that {Un}n<ω and {Vn}n<ω are pairwise disjoint. Choose, for each n < ω, a
point tn = (xn, yn) ∈ (Un × Vn) ∩ (A× B). Now, for each n < ω, consider a real-valued
continuous function fn on X× Y satisfying:
06 fn 6 1, fn(tn)= 1, fn
(
(X× Y ) \ (Un × Vn)
)= 0.
Since {Un × Vn}n<ω is locally finite, the real-valued function f on X× Y defined as
f (x, y)= sup
n<ω
fn(x, y), (x, y) ∈X× Y
is a bounded real-valued continuous function. Let g = f β |clβ(X×Y )(A×B). By hypothesis,
clβ(X×Y )(A×B) is a compactification of A×B equivalent to clβX A× clβY B . So, we can
consider that g is defined on clβX A× clβY B . Let (x, y) ∈ clβX A× clβY B a cluster point
of the sequence {(xn, yn)}n<ω . Then, for each canonical open set (in clβX A × clβY B)
U × V containing (x, y), we can choose n,m ∈ ω with n 6= m such that (xn, yn) and
(xm, ym) belong toU×V . So, (xn, ym) ∈U×V and, consequently, g(x, y)= 0. But, since
(x, y) is a cluster point of the sequence {(xn, yn)}n<ω , g(x, y)= 1, a contradiction. 2
Theorem 4.10. Let {Xα}α∈I be a family of topological spaces, X = ∏α∈I Xα and
{Aα}α∈I be a family of sets such that Aα is bounded in Xα for each α ∈ I . If
clβX
∏
α∈I
Aα =
∏
α∈I
clβXα Aα,
then
∏
α∈I Aα is bounded in X.
Proof. First notice that, as the product of a compact subset and a bounded subset
is bounded (see, for example, Proposition 1 in [2]), we can suppose, without loss of
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generality, that the family {Aα}α∈I contains at least two infinite sets Aσ and Aη. Let
J = I \ {σ }. We shall prove that clβY ∏α∈J Aα and ∏α∈J clβXα Aα are equivalent
compactifications of
∏
α∈J Aα where Y =
∏
α∈J Xα . To see this, according to [16, 10E] it
suffices to prove that the functions in C∗(
∏
α∈J Aα) that are extendable to clβY
∏
α∈J Aα
are the same as those extendable to
∏
α∈J clβXα Aα .
Let f ∈ C(∏α∈J clβXα Aα). Since ∏α∈J clβXα Aα is compact, there exists a continuous
extension g of f to
∏
α∈J βXα . Consider h = g|∏α∈J Xα . It is clear that the restriction
of hβ to clβY
∏
α∈J Aα is a continuous extension of f |∏α∈J Aα . Conversely, if f ∈
C(clβY
∏
α∈J Aα), the restriction of f to
∏
α∈J Aα admits a continuous extension to∏
α∈J clβXα Aα . In fact, since clβY
∏
α∈J Aα is compact, there is a real-valued continuous
function g on βY such that
g|∏
α∈J Aα = f |∏α∈J Aα .
Consider a real-valued continuous function h on
∏
α∈I Xα defined as
h(xα)= g
(
piJ (xα)
)
, xα ∈
∏
α∈I
Xα,
where piJ is the projection map from ∏α∈I Xα onto ∏α∈J Xα . Then h ∈ C∗(∏α∈I Xα)
and, consequently, it admits a continuous extension hβ to C(β(
∏
α∈I Xα)). As
clβX
∏
α∈I
Aα and
∏
α∈I
clβXα Aα
are equivalent compactifications of
∏
α∈I Aα , there exists m ∈ C∗(
∏
α∈I clβXα Aα) such
that
m|∏
α∈I Aα = h|∏α∈I Aα .
Now fix xσ ∈Aσ . It is clear that the function m∗ defined as
m∗(xα)=m(xσ , xα) whenever (xα) ∈
∏
α∈J
clβXα Aα
is a continuous function on
∏
α∈J clβXα Aα satisfying
f |∏
α∈J Aα =m∗|∏α∈J Aα .
Thus,
∏
α∈J clβXα Aα and clβY
∏
α∈J Aα are equivalent compactifications of
∏
α∈J Aα .
Therefore we have
clβX
∏
α∈I
Aα =
∏
α∈I
clβXα Aα = clβXσ Aσ × clβY
∏
α∈J
Aα.
Since Aσ and
∏
α∈J Aα are infinite (because
∏
α∈J Aα contains Aη), the desired result
follows by Lemma 4.9. 2
Let X =∏α∈I Xα . Consider a family of sets {Aα}α∈I with Aα ⊂ Xα for each α ∈ I
and let f ∈ C(X). For each finite subset J of I and each b ∈ ∏α∈I\J Aα , we will
denote by fJ (−, b) the function from ∏α∈J Aα into R defined by the requirement that
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fJ (a, b)= f (a, b) whenever a ∈∏α∈J Aα . We will denote byH(f, J ) the family defined
as
H(f, J )=
{
fJ (−, b): b ∈
∏
α∈I\J
Aα
}
.
The following results about extensions of maps and projection maps are needed. We
recall that a map f from X into Y is said to be z-closed if f (Z) is closed in Y whenever
Z is a zero set in X.
Theorem 4.11 (Taıˇmanov [25]). Let S be a dense subspace of a topological space Y and
let φ be a continuous map from S into a compact Hausdorff space T . Suppose that B is
a base for the closed sets of T which is closed under finite intersections. Then φ can be
continuously extended over Y if and only if for every pair B1, B2 of disjoint elements of B
the inverse images φ−1(B1) and φ−1(B2) have disjoint closures in Y .
Theorem 4.12 (Comfort and Hager [5]). The following conditions on the product space
X× Y are equivalent:
(1) The projection map pX from X× Y onto X is z-closed.
(2) If f is a bounded real-valued continuous function on X×Y , then {f y : y ∈ Y } is an
equicontinuous family on X.
Theorem 4.13. Let {Xα}α∈I be a family of topological spaces, X = ∏α∈I Xα and
{Aα}α∈I be a family of sets such that Aα is bounded in Xα for each α ∈ I . Then, the
following assertions are equivalent:
(1) ∏α∈I Aα is bounded in ∏α∈I Xα and, for each finite subset J of I and each
f ∈ C(∏α∈I Xα), the family H(f, J ) admits an equicontinuous extension to∏
α∈J clβXα Aα .
(2) For each f ∈ C(∏α∈I Xα), f |∏α∈I Aα admits a continuous extension to∏
α∈I clβXα Aα .
(3) clβX
∏
α∈I Aα =
∏
α∈I clβXα Aα .
Proof. (1)⇒ (2) Let f ∈ C(∏α∈I Xα). First, following the patterns given in [7,
3.12.20(a)], we shall prove that, for every ε > 0, there exists a finite set S0 ⊂ I with the
property that if for x, y ∈∏α∈I Aα we have that if pα(x)= pα(y) whenever α ∈ S0, then
|f (x)− f (y)|< ε.
Assume that there is no such S0. Fix α1 ∈ I . Then, there exist x1, y1 ∈∏α∈I Aα such
that pα1(x1)= pα1(y1) and |f (x1)− f (y1)|> 12ε.
Let U1 =∏α∈I U1α , V 1 =∏α∈I V 1α be open neighborhoods of x1, y1, respectively, such
that
osc(f,U1) < 18ε, osc(f,V
1) < 18ε,
and U1α1 = V 1α1 . Let S1 = {α1} and define S2 in the following way:{
α ∈ I : U1α 6=Xα or V 1α 6=Xα
}
.
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By assumption (since S2 is finite), we can find x2, y2 such that pα(x2)= pα(y2) whenever
α ∈ S2 and |f (x2)− f (y2)|> 12ε.
In this way, by induction, we can find two sequences of points (xn)n<ω , (yn)n<ω in∏
α∈I Aα , a sequence (Sn)n<ω of finite subsets of I and two sequences of open subsets in∏
α∈I Xα, (Un)n<ω , (V n)n<ω , satisfying:
(1) |f (xn)− f (yn)|> 12ε for all n < ω,
(2) osc(f,Un) < 18ε, osc(f,V n) < 18ε for all n < ω,
(3) If Sn = {α ∈ I : Un−1α 6=Xα or V n−1α 6=Xα}, then Sn ⊆ Sn+1 for all n < ω,
(4) Unαi = V nαi whenever αi ∈ Sn.
SinceUn∩∏α∈I Aα 6= ∅ for all n < ω and∏α∈I Aα is bounded in∏α∈I Xα , {Un}n<ω has
a cluster point z ∈∏α∈I Xα . Let W be an open neighborhood of z with osc(f,W) < 18ε.
The fact that z is a cluster point of (Un)n<ω joint conditions (3) and (4) imply that we can
find n < ω such that
W ∩Un 6= ∅, W ∩ V n 6= ∅.
Applying condition (2) we have that |f (z) − f (xn)| < ε/4 and |f (z) − f (yn)| < 14ε
which contradicts condition (1).
Now, consider the function g = f |∏
α∈I Aα . Since
∏
α∈I Aα is bounded in
∏
α∈I Xα ,
we can find a compact interval [α,β] such that g(∏α∈I Aα) is contained in [α,β]. Set
Y = ∏α∈I clβXα Aα . Let K1,K2 be two pairwise disjoint closed subsets of [α,β]. By
Taıˇmanov’s theorem we only need to prove that
clY g−1K1 ∩ clY g−1K2 = ∅.
Because [α,β] is compact, there exists ε > 0 such that |k1 − k2|> ε whenever (k1, k2) ∈
K1 ×K2. Let J be a finite subset of I such that |g(x)− g(y)| < 13ε whenever pα(x) =
pα(y), α ∈ J and x, y ∈ ∏α∈I Aα . For convenience, in the sequel we will denote∏
α∈J clβXα Aα by M . We shall first prove that
clM pJ
(
g−1(K1)
)∩ clM pJ (g−1(K2))= ∅.
Suppose that, contrary to what we claim, there exists
p ∈ clM pJ
(
g−1(K1)
)∩ clM pJ (g−1(K2)).
Since {fJ (−, b): b ∈ ∏α∈I\J Aα} has an equicontinuous extension {f ∗J (−, b): b ∈∏
α∈I\J Aα} to
∏
α∈J clβXα Aα we can find two points x = (xα)α∈J ∈ pJ (g−1(K1)) and
y = (yα)α∈J ∈ pJ (g−1(K2)) such that∣∣f ∗J (p, b)− f ∗J (x, b)∣∣< 13ε, ∣∣f ∗J (p, b)− f ∗J (y, b)∣∣< 13ε
whenever b ∈ ∏α∈I\J Aα . Let b1, b2 be in ∏α∈I\J Aα with (x, b1) ∈ g−1(K1) and
(y, b2) ∈ g−1(K2). Then,∣∣f (x, b1)− f (y, b2)∣∣6 ∣∣f (x, b1)− f ∗J (p, b1)∣∣
+ ∣∣f ∗J (p, b1)− f (y, b1)∣∣+ ∣∣f (y, b1)− f (y, b2)∣∣
< 13ε+ 13ε +
∣∣f (y, b1)− f (y, b2)∣∣.
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Since pJ (y, b1)= pJ (y, b2), we have that |f (y, b1)− f (y, b2)|< 13ε, and consequently,
|f (x, b1)− f (y, b2)|< ε. But this leads us to a contradiction, because f (x, b1) ∈K1 and
f (y, b2) ∈K2. Thus,
clM pJ
(
g−1(K1)
)∩ clM pJ (g−1(K2))= ∅.
Now, suppose that there is q ∈ clY g−1(K1) ∩ clY g−1(K2). Then every open neighbor-
hoodW of q in Y such that
W =
∏
α∈J
Vα ×
∏
α∈I\J
clβXα Aα
where
∏
α∈J Vα is a basic open set in
∏
α∈J clβXα Aα , meets g−1(K1) ∩ g−1(K2).
Therefore
pJ (q) ∈ clM pJ
(
g−1(K1)
)∩ clM pJ (g−1(K2)),
a contradiction.
(2)⇒ (3) Both clβ(∏α∈I Xα) Aα and ∏α∈I clβXα Aα are compactifications of ∏α∈I Aα .
By (2), the functions on
∏
α∈I Aα continuously extendable to clβ(∏α∈I Xα)∏α∈I Aα are the
same than the functions continuously extendable to
∏
α∈I clβXα Aα . So, by [16, 10E(2)],
clβ(∏α∈I Xα) Aα and ∏α∈I clβXα Aα are equivalent compactifications of ∏α∈I Aα .
(3)⇒ (1) By Theorem 4.10, ∏α∈I Aα is bounded in ∏α∈I Xα . Let f ∈ C(∏α∈I Xα)
and let J be a finite subset of I . Consider the continuous extension g of f |∏
α∈I Aα to∏
α∈I clβXα Aα . Since∏
α∈J
clβXα Aα ×
∏
α∈I\J
clβXα Aα
is compact, the projection map p∏
α∈J clβXα Aα is z-closed. So, according to Theorem 4.12,
H(g, J ) is equicontinuous on ∏α∈J clβXα Aα and the proof is complete. 2
We can apply Theorem 4.13 in order to obtain
Corollary 4.14. Let {Xα}α∈I be a family of topological spaces and let X =∏α∈I Xα .
Consider, for each α ∈ I , a subset Aα of Xα such that Aα is pα-bounded in Xα with
pα ∈ ω∗. If there exists p ∈ ω∗ such that p 6RK pα for all α ∈ I , then
clβX
∏
α∈I
Aα =
∏
α∈I
clβXα Aα.
Let α be a cardinal number. A subset A of X is said to be Cα-compact if f (A) is a
compact subset of Rα for each continuous function from X into Rα . Cω-subsets are called
C-compact subsets. The cardinal number
ρ(A,X)= sup{α: A is Cα-compact in X}
is called the degree of pseudocompactness of A in X. The reader might consult [14] for
basic results on degree of pseudocompactness. Since A is Cα-compact in X if and only
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if A is Gα-dense in clβX A (see Theorem 1.2 in [14]), we can apply Theorem 4.23 and
Lemma 3.3 in [14] in order to obtain
Corollary 4.15. Let p ∈ ω∗. If, for each α ∈ I , Aα is a p-bounded, C-compact subset of
Xα , then
ρ
(∏
α∈I
Aα,
∏
α∈I
Xα
)
=min{ρ(Aα,Xα): α ∈ I}.
In particular, the product of a family of p-bounded,Cα-compact subsets is a Cα-compact
subset.
The interval (0,1) is a trivial example of a p-bounded subset (in R) for all p ∈ ω∗ which
is not C-compact. The following example improves this result. For each topological space
X, we denote by F(X) the free topological group generated by X (see Sections 2.3 and
9.20 in [4] for definition). It is well known that X is a closed C-embedded subset of F(X).
Example 4.16. For every cardinal number α > ω there exists a bounded subset of a
topological groupG which is not Cα-compact in G.
Proof. Let α > ω be a cardinal number. Let X be a pseudocompact space which is not
Cα-compact in itself [14, Corollary 2.8]. Consider the free topological group F(X) over
X. Since X is C-embedded in F(X), X is not Cα-compact in F(X). Moreover, because
every bounded subset of a topological group is p-bounded for all p ∈ ω∗ (see Remark 4.17
below), X is p-bounded in F(X) for all p ∈ ω∗. 2
Remark 4.17.
(1) As a consequence of Theorem 2.6 and Theorem 2.8 in [15], condition (1) in
Theorem 4.13 is satisfied when considering a family of pseudocompact subsets
whose finite products are also pseudocompact and whose product is bounded in the
whole space. So, if {Pα}α∈I is a family of pseudocompact spaces such that∏α∈J Pα
is pseudocompact for each finite subset J of I and
∏
α∈I Pα is bounded in
∏
α∈I Xα ,
then
clβ(∏α∈I Xα) Pα =∏
α∈I
clβXα Pα.
In addition, Comfort’s example [3] of a non-pseudocompact product space whose
finite subproducts are pseudocompact spaces, points out that we can not omit that∏
α∈I Pα be bounded.
(2) A slight modification of the proof of Theorem 1 of [26] shows that every bounded
subset of a topological group G is p-bounded for each p ∈ ω∗ (see Theorem 4.3
of [13] for details). So, Corollaries 4.14 and 4.15 give alternative proofs of
Corollary 3 in [18], Corollary 3.8 in [14] and Corollary 4.1 in [19].
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